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THE UNIT BALL OF L(°R )

SuNGg GUEN KiMm

ABSTRACT. We classify the extreme bilinear forms of the unit ball of the
space of bilinear forms on R? with hexagonal norms.

1. Introduction

We write B for the closed unit ball of a real Banach space E. © € Bp is
called an extreme point of B if y, 2 € Bg with # = 1(y+2) implies z = y = 2.
We denote by extBpg the set of extreme points of Bg. = € Bpg is called an
exposed point of B if there is an f € E* so that f(z) =1=|f| and f(y) <1
for every y € Bg \ {z}. It is easy to see that every exposed point of Bp is
an extreme point. x € Bg is called a smooth point of B if there is a unique
f € E* so that f(z) = 1 = ||f||. A mapping P : E — R is a continuous
2-homogeneous polynomial if there exists a continuous bilinear form L on the
product E x E such that P(z) = L(z, z) for every x € E. We denote by L(?FE)
the Banach space of all continuous bilinear forms on E endowed with the norm
LIl = supjz=|yj=1 I L(z,y)I- Ls(2E) denotes the closed subspace of L(*E)
consisting of all continuous symmetric bilinear forms on E. P(2E) denotes
the Banach space of all continuous 2-homogeneous polynomials from E into
R endowed with the norm || P[] = sup, = |P(z)|. For more details about the
theory of multilinear mappings and polynomials on a Banach space, we refer
to [7].

In 1998, Choi et al. [2,3] characterized the extreme points of the unit ball
of P(%13) and P(?l ) In 2007, Kim [11] classified the exposed 2-homogeneous
polynomials on ’P( ) (1 < p < ), where 112) = R? with the [,-norm. Re-
cently, Kim [13, 15, 19] classify the extreme, exposed, smooth points of the
unit ball of P(?d.(1,w)?), where d.(1,w)?> = R? with the octagonal norm

(2, )lla. = max{|z], |y|, ZEE I 2009, Kim [12] classified the extreme, ex-

posed, smooth points of the unit ball of £,(?1%,). Recently, Kim [14,16-18,21]

Received October 19, 2015; Revised November 29, 2016.

2010 Mathematics Subject Classification. Primary 46A22.

Key words and phrases. bilinear forms, extreme points, hexagonal norms on R2.

This research was supported by the Basic Science Research Program through the National
Research Foundation of Korea(NRF) funded by the Ministry of Education, Science and
Technology (2013R1A1A2057788).

©2017 Korean Mathematical Society
417



418 S. G. KIM

classified the extreme, exposed, smooth points of the unit balls of L4(2d.(1,w)?)
and L(2d.(1,w)?).

We refer to ([1-6], [8—26] and references therein) for some recent work about
extremal properties of multilinear mappings and homogeneous polynomials on
some classical Banach spaces. For 0 < w < 1, Ri ) denotes R2 endowed with
a hexagonal norm |[(x,y)||s(w) := max{|y|, [z| + (1 — w)|y|}. In this paper, we
classify the extreme bilinear forms of the unit ball of £(? h(w))

2. Main results

Let 0 < w < 1 and T((x1,y1), (T2,y2)) = ax122 + by1y2 + cx1y2 + daay; €
L(? Ri(w)) for some reals a, b, ¢, d. For simplicity we will write

T((:Cl, yl)v ($2,y2>> = (av b,c, d)

Let
Ti((w1,91), (22, 92)) == T((x2, ¥2), (21, 91)) = (a,b,d, ),
TQ((xlvyl)a (zQa y2)) - T((xlv y1>a (1'2; y2)) ( a,—b,c, *d>a
T3((‘T1ayl)a (552) y2)) T((‘Tlayl ) ($2, )) (a’ —=b,—c, d)a
Ti((z1,91), (@2, 92)) :=T((x1,91), (—22, —y2)) = (—a, —b, —c, —d).

Then |T;|| = ||T|| (i = 1,...,4). Hence, without loss of generality, we may
assume that ¢ > 0 and ¢ > d > 0.

Theorem 2.1. Let 0 <w < 1 and T((z1,41), (x2,2)):=(a,b, ¢, d) LR} )
with a > 0 and ¢ > d > 0. Then

IT|| = max{a,aw + c, |aw2 + b+ (¢ + d)w, |aw2 = b+ (¢ — d)w}.
Proof. Note that emtBRi( = {(£1,0), (w,£1), (—w,£1)}. By the Krein-

Milman theorem, Bgz = E(eztBRi ), where ¢o(A) is the closed convex
hull of the set A. By the bilinearity of T', it follows that

[T = max{|T((£1,0), (£1,0))|,|T((£1,0), (w,£1))],
T ((w, il) (£1,0)], 1T ((w, £1), (w, £1))[}
max{|T'((1,0), (1,0))],|T((1,0), (w, )], [T((w, 1), (1,0))],
T((1,0), (w, =)}, 1T ((w, =1), (1,0))[, [T ((w, 1), (w, 1)),
T((w, —1), (w, =1))[, [T ((w, 1), (w, =1)) |, |T ((w, =1), (w, 1))}
= max{|al|, |a|lw+ |¢|, |a|w+ |d|, |aw? + b+ |c + djw, |aw? — b+ |c — d|w}
max{a, aw + ¢, |aw? + b| + (c + d)w, |aw* — b| + (¢ — d)w}. 0

Note that if | T]| = 1, then |a] < 1,[b] <1,]c|] <1 and |d| < 1.
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Theorem 2.2. Let 0 < w < 1 and T((x1,y1), (x2,y2)) = axi1z2 + by1y2 +
cr1ys + dxay; € L(QRi(w)). Then the followings are equivalent:

1) T is extreme;

) (a,b,d,c) is extreme;

) (a,—b,c,—d) is extreme;
(a,—b,—c,d) is extreme;

) (—a,—b, —c, —d) is extreme.

Proof. Tt follows from Theorem 2.1 and the remark above of Theorem 2.1. [I

Theorem 2.3 ([20, Theorem 2.3]). Let T((z1,y1), (T2, y2)) = ax122 + by1ya +
c(x1y2 + x2y1) € KS(QR%(UJ)) with a > 0,¢ > 0.
(a) Let 0 <w < 5. Then, T € extBﬁs(zRi( ) if and only if

T € {(0,%41,0,0),(1,(1 —w)*, 1 —w,1 —w), (1,1 —w?,0,0),
(1,w? — 1,w,w), (0,1 — 2w, 1,1), (1, =3w? + 2w — 1,1 — w,1 — w)}.

(b) Let w = 1. Then, T € extBﬁs(zRi(%)) if and only if

)}

N~

3 31
1,-,0,0),(0,0,1,1), (1, —=, =
)a( 545 ’ )a(a ) L )a(a 4a2a

N | =

11

T e Oailaoaoa 13_5_5
(0,410,002, 2

(c) Let % <w<1. Then, T € extBLs(QRi(w)) if and only if

T € {(0,41,0,0),(1,(1 —w)*,1 —w,1 —w), (1,1 —w?,0,0),
1 w—21 1)(21071 1—-2w 1 1
2w’ 2 72727 2w2 7 2 2w 2w

(1,w? = 1,1 —w,1 —w),( )}

Let
Norm(T)
= {((z1, 1), (22, 92)) € {((1,0), (1,0)), ((1,0), (w, 1)), ((w, 1), (1, 0)),
((1,0), (w, =1)), ((w, =1), (1, 0)), ((w, 1), (w, 1)), ((w, =1), (w, =1)),
((w, 1), (w, =1)), ((w, =1), (w, D)} = [T((21,91), (22, 92))| = [T}
We call Norm/(T) the norming set of T.

Theorem 2.4. Let T((z1,v1), (72,92)) = ar122 + by1yz + cr1y2 + drayr €
E(QR%(UJ)) with a > 0 and ¢ > d > 0.
(a) Let 0 <w < 3. Then, T € extBﬁ(zRi( ) if and only if

T € {(0,£(1 —w),1,0), (1, —(w? —w +1),1 —w,w), (0,%+1,0,0),
(1,1 —w)*, 1 —w,1 —w),(1,w? —1,w,w), (0,1 —2w,1,1),
(0, =1+ 2w, 1,1), (1, =3w® + 2w — 1,1 —w, 1 — w)}.
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(b) Let w = % Then, T' € extBrege |y if and only if
h(3)
1

1
Te{(O,ia,l,O),(O,il,O,O),(1,4 )}

N~

1 31
-),(0,0,1,1),(1,——, =
32)3(5 P )a(a 4a2a

(c) Let % <w<1. Then, T € eztBL(zRi( ) if and only if

N =

T € {(0,%+(1 —w),1,0),(0,£1,0,0), (1,(1 —w)* 1 —w,1 — w),
1 w-211 1

Lw?—1,1—-w,1— — —,=,-),(0,0,1,— —1
(aw 9 ’LU, w)’(2’LU, 2 5252)5(3 9 ”U.) )a
(2w71 1—-2w 1 1

0t T2 3w 2w
Proof. Let T((z1,y1), (x2,y2)) = ax1ze + by1ys + cx1y2 + droyr € E(QR,QL(W))
with ||T'|| = 1. By the remark above of Theorem 2.1, we may assume that a > 0

and ¢ > d > 0. Suppose that T is extreme. In what follows we will distinguish
three cases: (¢>d=0)or (¢c>d>0)or (¢c=d>0).

Case 1: ¢>d=0.

By the remark above of Theorem 2.1, we may assume that b > 0. Note
that 1 = max{a, aw + ¢, |aw? + b| + cw, |aw? — b| + cw}. We have the following
subcases to consider:

(a=0,b=0)or (a=0,b>0)or (a>0,b=0)or (a>0,b>0).

Subcase 1: a =0,b= 0.

Then, 1 = max{c, cw}, hence, T = (0,0, 1,0), which is not extreme. Indeed,
let Ty = (0,+,1,0), T2 = (0,—2,1,0) for n € N with £ +w < 1. Then T =
(T + 1) and | T;|| = 1 for i = 1,2, which is a contradiction.

Subcase 2: a = 0,b > 0.

Then, 1 = max{¢, b+ cw}, hence, T = (0,1 — w, 1,0).

Claim: T = (0,1 — w, 1,0) is extreme.

Let Ty = (6,(1 —w) + 6,1+ 7v,p),Ta = (—¢,(1 —w) —§,1 —v,—p) be
such that [|T1]| = 1 = || T2|| for some ¢,d,7,p € R. Since |T;((1,0), (w,1))] <
L, |Tz((1a 0)7 (’LU, 71))| <1 |Tz((w7 1)a (wa 1))| <1 |Tz((w7 1)a (wa 71>>| <1, we
have

we + v =0,
we —y =0,
w?e 4+ 6 +wy +wp = 0,
w?e — 6 —wy +wp =0,
which shows that 0 = e¢ = § = v = p. Hence, T'= (0,1 — w, 1,0) is extreme. By
Theorem 2.2, (0, —(1 — w), 1,0) is extreme.
Subcase 3: a > 0,b= 0.

Then, 1 = max{a,aw + ¢,aw? + cw}. Note that aw? + cw < aw? + (1 —
aw)w = w. Let Ty = (a,%,c,%),Tg = (a,—%,c,—%) for some n € N with
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aw? + cw + % < 1. Then T = L(T1 + T3) and ||T;|| = 1 for i = 1,2, which is
a contradiction.

Subcase 4: a > 0,b > 0.

Then, 1 = max{a, aw + ¢,aw? + b+ cw}. Note that

Norm(T) < {((1,0), (1,0)), ((1,0), (w, 1)), ((w, 1), (w, 1))},

Then, |aw? —b] +cw < 1. If aw? —b > 0, let T} = (a,b — %,c,%),Tg =
(a,b+2,c,—L)forsomen e Nwith0<b—2b+L<10<c—Lc+lc
Law? +b—%>0,aw? —b—% > 0. Then T = (T} + T3) and | T;|| = 1 for
i = 1,2, which is a contradiction. If aw? —b =0, let Ty = (a,b— %2,¢, 1), T =
(a,b+ %,c,—%) for some n € N with cw—i—%j <1,0< b—%,b—i—% <1,0<
c—Lc+l<law?+b—% >0 Then T = §(T1 + T2) and ||T;]| = 1 for
i = 1,2, which is a contradiction.

If aw? —b < 0, let T1 = (a,b— e, %),Tg =(a,b+%,c, —%) for somen € N
with0 <b—2b+1 <1,0<c—t,c++ <law’+b—%>0,aw’-b+% <
0,|aw? — b] + cw + 22 < 1. Then T' = (11 + T3) and ||T;]| = 1 for i = 1,2,
which is a contradiction.

Case 2: ¢ >d > 0.

We have the following subcases to consider:

0<a<l,b>0)or(a=1,b>0)or (0<a<1,b<0)or(a=1,b<0).

Subcase 1: 0 <a<1,b>0.

Note that 1 = max{aw + ¢,aw? + b+ (c + d)w}. Calculation shows that if
b < 0, then Norm(T) C {((1,0), (w, 1)), ((w, 1), (w, 1)), ((w,—1), (w, 1))}, and
if (a =0,b>0)or (a #0,b>0), then Norm(T) C {((1,0), (w, 1)), (w, 1),
(w, 1)} Ifa#0orb#0,let Ty =(a+2,b—Lc—2d+1)Th=(a—1

b+, c+2 d—1) forsomen € Nwith at+ < 1,b+2 < 1,c+% < 1,d+1 < 1.
Then T = 1(Ty + T3) and ||T;]| = 1 for i = 1,2, which is a contradiction.

Therefore, a = 0 = b, and 1 = max{c, (¢ + d)w}. Since T is extreme, ¢ =
1= (c+ d)w. Hence, T = (0,0,1, = — 1).

Claim: 7 = (0,0,1,1 — 1) is extreme for £ <w <1

Let 1 = (,6,1+ 7, = —1+4p),To = (—¢,—6,1 —~,+ — 1 — p) be such
that |T1|| = 1 = ||T2| for some €,d,7,p € R. Since |T;((1,0), (w,1))] <
1a |Tz((1a 0)7 (’LU, 71))| < 1a |Ti((wa 1)7 (’LU, 1))| < 17 |Tz((wa 71)) (wa 71))| < 1,

we have
we + v =0,
we — v =0,
w?e+ 8 4+ wy +wp =0,
we+ 8 —wy —wp =0,
which shows that 0 = e =60 = v = p.
Subcase 2: a =1,b > 0.
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Note that 1 = max{a, aw + ¢, aw? + b + (c + d)w}. Hence,

Norm(T) < {((1,0), (1,0)), ((1,0), (w, 1)), ((w, 1), (w, 1))},

Let Ty = (1,0 — %, c,d + %),Tg = (Lb+ ¥, ¢c,d— %) for some n € N with
b+% <1,d+1 <1 ThenT = (T} + 1) and ||T;|| = 1 for ¢ = 1,2, which is
a contradiction.

Subcase 3: 0 <a < 1,b<0.

Note that 1 = max{aw + ¢, |aw? + b| + (¢ + d)w, aw? — b+ (c — d)w}. First,
suppose that aw? +b > 0. Then, 1 = max{aw + ¢,aw? + b+ (c + d)w, aw? —
b+ (¢ — d)w}. Hence,

Norm(T) < {((1,0), (w, 1)), ((w, 1), (w, 1)), ((w, =1), (w, 1))}
Let Th = (a4 2,b— L c— 2 d+ 1) Ty =(a—2,b+2,c+%,d— 1) for some

neNwitha+1 <1,0+% <1,c+% <1,d+1 <1.ThenT = 4(T1+7T>) and
|IT;|]| = 1 for i = 1,2, which is a contradiction. Next, suppose that aw? +b < 0.

Then, 1 = max{aw + ¢, —(aw? + b) + (¢ + d)w, aw? — b+ (c — d)w}. Hence,
NOT?TL(T) c {((15 0)7 (’LU, 1))5 ((wa 71)5 (wa 71))5 ((wa 71)5 (wa 1))}

Let Ti = (a4 2,b— % ¢~ g4+ @) Ty = (a— L b+ % 2 d—2) for some
neNwitha+2 <1,0+% <lc+®<1,d+%<1. ThenT =T, +T)
and || T;|| = 1 for i = 1,2, which is a contradiction.

Subcase 4: a =1,b < 0.

Note that 1 = max{a, w+c, |[w?+b|+(c+d)w, w*—b+(c—d)w}. First, suppose
that w? +b > 0. Then, 1 = max{a,w +c,w? + b+ (¢ + d)w,w? — b+ (c — d)w}.
Hence,

Norm(T) < {((1,0), (1,0)), ((1,0), (w, 1)), ((w, 1), (w, 1)), ((w, =1), (w, 1))}

If w?>+b>0,let Ty = (1,b— Loed+ %),Tg = (L,b+ %,¢c,d— %) for some
n € N with w? +b—% > 0. Then T = (T} + 1) and ||T;|| = 1 for i = 1,2,
which is a contradiction. Suppose that w? + b = 0. We claim that (¢ + d)w <
1L.If (c+dw =1, then 1 = cw+ dw < ¢+ w < 1, which is impossible.
Let ' = (1,b— #,¢,d + %),TQ = (L,b+ 2, c,d— %) for some n € N with
(c+dw+22 < 1w —b+2>0,b+% < 1,d+2 <1 Then T = §(T) +T»)
and || T;|| = 1 for i = 1,2, which is a contradiction.

Next, suppose that w? + b < 0. Then, 1 = max{a,w + ¢, —(w? + b) + (c +

d)w,w? — b+ (¢ — d)w}. We will show that
NOTT)’L(T)Z{((L O)a (17 0))) ((17 O)a (wa 1))7 ((’LU, 71)7 (’LU, 71))7 ((’LU, 71)7 (’LU, 1))}

Otherwise, we have the following subcases to consider:

Norm(T) - {((L 0)’ (L 0))’ ((L 0)’ (w’ 1))) ((wa _1)a (’LU, _1))}

3lg ||

or

Norm(T) € {((1,0),(1,0)), ((1,0), (w, 1)), ((w, 1), (w, 1))}
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Norm(T) - {((L 0)’ (L 0))’ ((w’ _1)’ (w’ _1))’ ((w’ _1)’ (w’ 1))}
First, suppose that

Norm(T) - {((1’ O)a (1’ 0)); ((L 0), (w, 1))a ((w’ _1)’ (w’ _1))}'
Let Ty = (1,b+ %, c,d + %),Tg = (,b—%,¢c,d— %) for some n € N with
w4 b+ 2 <0,w?—b—2>0,b|+%<1,d+ L <1 Then T = $(Ty + T)
and || T;|| = 1 for i = 1,2, which is a contradiction.
Suppose that

Norm(T) < {((1,0), (1,0)), ((1,0), (w, 1)), ((w, =1), (w, 1))}.

Then, —(w? +b) + (c+d)w < 1. Let Ty = (1,b— Loe,d+ %),Tg = (1,64 %,c,
d—1) for some n € N with —(w? +b)+ (c+d)w+22 < 1, [b|+2 < 1,d+ 1 < 1.
Then T = 1(Ty + T3) and ||T;]| = 1 for i = 1,2, which is a contradiction.
Suppose that

Norm(T) < {((L 0)’ (L 0))’ ((w’ _1)’ (w’ _1))’ ((w’ _1)’ (w7 1))}
Then, w+c < 1. Let Ty = (1,b+ %, c+ %,d),Tg =(1,b—-2 c— %,d) for some
nENWitthchr% <lLuw?+b+%2<0,w?—b—%>0,[b|+% < 1. Then
T = 3(Ty + T3) and ||T;|| = 1 for i = 1,2, which is a contradiction. Therefore,
we conclude the claim. By a calculation, T' = (1, —(w? — w + 1),1 — w,w) for
w< 3.

Claim: T = (1, —(1 — w4+ w?),1 — w,w) is extreme for w < 1.

Let Th = (1+6,—(1—w+w?)+ 8,1 —w+~y,w+p),To=(1—¢—(1—w+
w?) — 6,1 —w — v,w — p) be such that ||T1]| = 1 = ||T3|| for some €,6,7,p €
R. Since [T3((1,0),(1,0))] < 1,|T5((1,0), (w,1))| < L, |Ti((w, —1), (w,1))] <
15 |TZ((w7 71)7 (’LU, 71))| < 17 we have

e=0,
we + v =0,
w?e — 6 +wy —wp =0,
wre+ 8 —wy —wp =0,
which shows that 0 = e =60 = v = p.

Case 3: c=d > 0.

Since T = (a,b,¢,c) € emtBL(2]Ri( ot then T € extBLS(2]Ri( ot By Theorem
2.3, for 0 <w < 1,

T € {(0,41,0,0), (1, (1 —w)? 1 —w,1 —w), (1,1 —w?0,0),

(1,w? — 1,w,w), (0,1 — 2w, 1,1), (1, =3w? + 2w — 1,1 —w,1 —w)}
and for % <w<1,Te extBLS(2]Ri( ) if and only if

T e {(O,il,0,0), (15 (1 - ’LU)Q, 1- w, 1- ’LU), (15 1- w25070)a
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1 w—21 1> (2w—1 1-2w 1 1
2w 2 727277 2uw?2 T 2 2w’ 2w

Claim: (1, 1-— ’LUQ,O,O) ¢ Bﬁ(zRi( )) for 0 <w < 1.

Let Ty = (1,1 —w? =, L)y and T, = (1,1 — w?, 2, —1) for a sufficiently
large n € N such that ||T;]| = 1 for i = 1, 2. Since (1,1 —w?,0,0) = $(T1 +T2),
(1,1 —w?2,0,0) is not extreme.

Claim: T = (0,+1,0,0) € 6(EtBL(2]R’21( ) for 0 < w < 1.

Note that

Norm(T) = {((w, 1), (w, 1)), ((w, =1), (w, 1)), ((w, 1), (w, =1)),
((wa 71)) (wa 71>>}

Let T = (¢,14-0,7, p) and T = (¢,1 -3, —y, —p) be such that || T1]| = 1 = || T3]
for some ¢,4,7,p € R. Since |T;((w, 1), (w,1))] < 1, |T;((w, —1), (w,1))] < 1,
Ti((w, 1), (w, =1))| <1, |Ti((w, =1), (w, =1))| < 1, we have

(1,w? = 1,1 —w,1 —w),(

w?e 4+ 6 +wy +wp = 0,
w?e — 6 +wy —wp =0,
w?e+ 6 —wy —wp =0,
w?e — 6 —wy +wp =0,
which shows that 0 = e =60 = v = p.
First, suppose that 0 < w < %
Claim: T = (1,(1 —w)?,1 —w,1 —w) € extBt:(ﬂRi( ot
Note that
Norm(T') = {((1,0), (1,0)), ((1,0), (w, 1)), ((w, 1), (1,0)), ((w, 1), (w, 1))}.

Let Th = (1+e6(1-w)?+81-w+y,1l—w+p)and To = (1 — ¢, (1 —w)? —
0,1 —w — 7,1 —w — p) be such that ||T1]| = 1 = ||T»|| for some €,d,v,p €
R. Since |T3((1,0),(1,0))| < 1, |T3((1,0), (w, 1))| < 1, |Ti((w,1),(1,0))| < 1,
|T:((w, 1), (w,1))] <1, we have

e =0,
we + v =0,
we+p =0,

w?e + 6 +wy +wp =0,
which shows that 0 = e =60 = v = p.
Claim: T = (1,w? — 1,w,w) € €.TtB£(2R’21( ot
Note that
Norm(T) = {((1’ O)a (L 0))a ((’LU, _1)a (’LU, _1))a ((wa 1)’ (w’ _1))7
((wa _1)a (’LU, 1))}
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Let Ty = (146, w?—1+8,w+v,w+p) and Ty = (1—e,w*—1—3, w—~,w—p) be
such that | 71| = 1 = ||Tz|| for some €,4,v, p € R. Since |T;((1,0), (1,0))]
|Ti((wa _1)a (’LU, _1))| < 1, |TZ((wa 1)’ (w’ _1))| < 1, |TZ((wa _1)a (’LU, 1))'
we have

<1,
<1
e=0,
wre+ 8 —wy —wp =0,
w?e — 6 —wy +wp =0,
w?e — § +wy —wp =0,
which shows that 0 = e =9 =~ = p.
Claim: T = (0,1 — 2w, 1,1) € emtBL@be( ot
Note that
NOT?TL(T) - {((15 0)7 (’LU, 1))5 ((wa 1)7 (15 0))7 ((15 0)7 (’LU, 71))7 ((’LU, 71)7 (15 0))7
((w, 1), (w,1))}.

Let Th = (6,1 — 2w+ 6,1 +~,1+p) and T = (—¢,1 — 2w — 06,1 —~v,1 — p) be
such that ||T1]| = 1 = || Tz|| for some €, 6,~, p € R. Since |T;((1,0), (w,1))| < 1,
|T5((w, 1), (1,0))] <1, |T5((1,0), (w, =1))| < 1, |T5((w, 1), (w, 1)) <1, we have

we + v =0,
we+p =0,
we — v =0,

w?e + 6 +wy +wp =0,

which shows that 0 = e =6 = v = p.
Claim: T = (1, -3w? + 2w — 1,1 —w,1 —w) € e‘rtBC(Z]Ri( -
Note that

Norm(T) = {((1,0), (1,0)), ((1,0), (w, 1)), ((w, 1), (1,0)), ((w, =1), (w, =1))}.

Let Ty = (1+€, —3w?+2w—1+6, 1 —w+v, 1 —w+p) and Ty = (1—e, —3w?+2w—
1-0,1—w—2,1—w—p) be such that ||T1|| = 1 = ||T]| for some ¢,6,v,p €

R. Since |T3((1,0), (1,0))] < 1, |T:((1,0), (w,1))| < 1, |T3((w,1),(1,0))] < 1,
|T;((w, —1), (w, —1))| < 1, we have
e=0,
we +v =0,
we +p =0,

wre+ 8 —wy —wp =0,

which shows that 0 = e =9 =~ = p.
Next, suppose that % <w< 1.
Claim: T = (1,(1 —w)?,1 —w,1 —w) € extBrepz )
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Note that

Norm(T') = {((1,0), (1,0)), ((1,0), (w, 1)), ((w, 1), (1,0)), ((w, 1), (w, 1))}.
Let Th = (1+e6(1-w)?+81—-w+y,1l—w+p)and To = (1 — ¢, (1 —w)? —
0,1 —w — 7,1 —w — p) be such that ||T1]| = 1 = ||T»|| for some €,d,7v,p €
R. Since [T3((1,0),(1,0))| < 1, |T3((1,0), (w, 1))| < 1, |Ti((w,1),(1,0))| < 1,
|T:((w, 1), (w,1))] <1, we have

e =0,
we + v =0,
we + p =0,

w?e + 6 +wy +wp =0,
which shows that 0 = e =9 =~ = p.
Claim: T = (1,w? - 1,1 —w,1 —w) € extBrigs | -
Note that
Norm(T) = {((1,0), (1,0)), ((1,0), (w, 1)), ((w, 1), (1,0)), ((w, 1), (w, =1)),
((w, =1), (w, 1))}

Let Th = 1+euw? —1+6,1-w+~vy1—w+p)and Tp = (1 —e,w? — 1 —
0,1 —w — 7,1 —w — p) be such that ||T1]| = 1 = ||T»|| for some €,d,v,p €
R. Since [T}((1,0), (1,0))] < 1, IT:((1,0), (w, 1))| < 1, [Ti((w, 1), (1,0))] < 1,
IT;(w, 1), (w,—1))] <1, we have

which shows that 0 = e =9 =~ = p.
Claim: T = (&£,35%,1 1) ¢
Note that

NOTm(T):{((L 0)7 (’LU, 1))a ((wa 1)7 (L 0))7 ((’LU, 71)7 (’LU, 71))7 ((’LU, 1)a (wa 71))}

have
we + v =0,
we+p =0,
w?e+6 —wy —wp =0,
w?e —§ —wy +wp =0,
which shows that 0 = e =9 =~ = p.
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s, _ (2w—1 1-2 1 1
Claim: T = (—;UwQ y T w, 5w’ ﬂ) S el'tBL(zRi(w)).
Note that

Norm(T)={((1,0), (w, 1)), ((w, 1), (1,0)), ((w, 1), (w, 1)), ((w, =1), (w, =1))}.
Let Ty = (2;)1;21 + € 172210 +9, ﬁ +7 ﬁ +p) and Tp = (2;]1[21 - 172210 -
5,% - 'y,ﬁ — p) be such that ||T1]] = 1 = ||Tz|| for some €,d,v,p € R.
Since |T3((1,0), (w,1))| < 1, |T;((w,1),(1,0))] < 1, |T;((w,1), (w,1))] < 1,
|T;((w, —1), (w, —1))| < 1, we have

we + v =0,
we+p =0,
w?e+ 6 +wy +wp =0,
wre+ 8 —wy —wp =0,
which shows that 0 = ¢ = § = v = p. Therefore, we complete the proof. O
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